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0. Extended Abstract And Summary 

Thatcher r ? 96^I poses as an open problem the abstract 
definition of a 'pretheory'* A 'pretheory' Is to be an algebraic 
structure Vr'hTch Is to be intimately related On some unspecified 
way) to the algebraic theories or algebraic categories of 
Lawyer*? C ? 9£33 ^ find which wT I 1 give tone Insight Into the 
categorical approach to genera 11 serf finite automata via more 
familiar algebraic arguments, In addition, we are asked tn 
define two pretheories such that every homomorphism from- one tn- 
the other (again witb an appropriate definition of hnnfinorphisn) 
corresponds to a finite-state transformation on a set of trees* 

In this papar we propose a definition for a pretheory, 
Pretheories turn out to be algebraic structures called 'clones', 
Taking the clone of an algebra Is seen to be analogous to taking 
the semigroup of 3 finite^state automaton* 

VJe explore the connection between theories and 
pretheories. We construct the free clone over a theory (Tn a 
manner similar to Ellenherg + Wright II9£7]) and the free theory 
over an arbitrary set of maps (a construction alternative to 
that of Ej lenberg + Wright}. In the process of this exploration 
we introduce an intermediate structure, called a ■'complete 
algebra,' wh3ch provides considerable insight Into the 
definition of an algebraic theory* 

Lastly, we apply pretheorie& to the characterlaatlcm 
problem of f ini testate transformations on trees, and complete 
the last portion of Thatcher's program. 

Ip this section we Intend to summarise our results using 
a minimum of Symbolism, so as to explain the results rathor than 
obscuring them by attempting a precise statement.We divide this 
Summary into subsections, corresponding to the sections of the 
main part of the paper. 


I. Algebras, Clones, and Pretheories 

following the usual terminology, let any set of function 
symbols with unique erlties be called a 'ranked alphabet'. If V 
Is a ranked aLphabet, Lot a V-algebra he any Interpretation of V 
lie a model for the language)* Vie call the domain of the 
Interprets*ion the 'carrier' of the algehra. 

If V is some ranked alphabet (either interpreted or 
uninterpreted) we will often use the symbol Vn to denote the set 
of n-ary operations ]n V, By a 'set of operations' we will mean 
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somfi Interpreted ranked alphabet* 

If V i; $ set of operations, we say It Is a 'clone' 
(firataer Iff 

I> It contains all the projection functions, E.e* the 

funct1 on 


lambda(xt, [x 13 

Ts in Vn for each 1 and n* 'ile denote this function e(j;nl or 
Just e( i )■ * 

t) It fs closed under composition, 6,e P : Let g be In Vn 
and he in Vk* let X denote the string 'xT t . . Then 

the function 

LambdaOO Cgff 11XJ, 

Is In Vk* lie denote this composite function by g( fI,*.,fnj , 

This notation allows us to *naturally* extend every 
operation in V to operate on a rsuments In V* Furthermore, If 
fl,*,,fri are in Vk, then so is g(fI,..,fn)* So for any k we have 
a V-algebra (Vk, VK 

Definition. An algebra (V0, V), where V Is a clone, is 
called a pretheory, 

Uote that every clone uniquely defines a pretheory, end 
vice-versa, so we will often refer to them Interchangeably* 

If V Is any set of operations, define Cl(V>, the clone 
of V to be the smallest clone containing V, If A Is an algebra, 
let CltA), the closure of A, be the algebra whose carrier is the 
carrier of A and whose operations are the clone of the 
operations of A. Note that the closure of an algebra 3s a 
pretheory Iff every element of the carrier Is algebraic Tn the 
original algebra H.e. the algebra has no proper £llba Igahras) * 

Theorem. Let V be any set of maps on 3 domain A* Then 
D L C V > Is just the set of maps A* — ^ A achievable by composition 
of naps in V. 

This shows that the closure of an algebra is analogous 
to the semigroup of a finite state machine, which Is just the 
set of all maps from the state set to Itself achievable by 
concatenatIon of symbols In the Input alphabet. 
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Definition fCohn], Let V,W be clones, A £ l-nnrphlsm 
{■clone hononeirphlsin) Is a map FiV if such that 

F) F£Vn> e tin 

2] F(e{3;n)> * e £ I; n) 

3 ) Ff E {ff,.,,fn)) - {F(jt)MF{fJ 3 _F{fn>) 

Proposition, Cl-nornhFcompose. 


Z, Theories, pretheories, and complete algebras. 

In this section we explore the relationship between 
lewvere**£ notion of an algebraic theory and our notion of 
prctheery, In order to make Lawversus Ideas cLearer, we will 
iptro-dyce an Interned f ate notion, which vie will call a '"complete 
a 1 gebra, * 


A complete alsebra is not an algebra; Tt is the 
genera l 1gat ion of ^algebra* to functions Into tuples of elements 
of A, The name 'complete'* algebra was chosen because It Is this 
type of structure which Arbib and GIveon [T9fl71 call the 
completion of an algebra. 

Definition, A complete algebra consists of a carrier A, 
and for each pair of non-negative Integers n,n a set A(m,n) of 
maps A m —> A * 1 such that 

?) If f * A£m,n) and g* Aln^p), their composition, 

£»f, is in A (n,p) 

f> The maps are closed under direct product, E.e* If 
fl,».,fn c A(m,I3, there Is a unique r. c A(n,n> such that 
netting X denote an n-tuple of e tenants of AJ 

g CX3 * £f TCX3, ,.,fn£X) ) 

Note that the value of of E CaJ,* *,amj is Indeed an n-tuple of 
elements of A. We write for this unique g. 

3) All the trivial maps are present; t,e. any direct 
product of the project Tons Is present, (Mote that with condition 
? it would have sufficed to require the Inclusion of just the 
projections in ACn,13» The present definition Is adopted in 
order to conform to the standard definition of the completion of 
an algebra.) 
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VJe prove the following charactcrl zat Ion theorem for 
complete algebras: The mappings Mn, Jl of a complete algehra 
form o Clone, Fur the more a cnnplete algebra consists precisely 
of all the direct products tax Ion ?) of Tts naps Mn, J3* Thus 
we can construct the completion of an algebra in tvro steps; 
First, take the closure of the algebra, and then take direct 
p rodvc ts. 

lie nay then fom the free theory of a complete algebra 
by letting TCn^n} be Just A(n,m). This construction provides an 
alterate to that of Fllenberg and VJrlght d^?]. The proof that 
the so-called *frce theory^ is Indeed an algebraic theory, while 
trivia!, provides Insight Into the definition of algebraic 
theory. It Is scon that T is a category essentially because 
complete algebras arc closed under composi11 on; that £0 is a 
subcategory just because the trivial naps are In the algebra, 
and that the direct product condition for theories follows from 
the direct product condition for complete atgehras, In this 
manner we obtain a deeper understanding of algebraic theories* 

We can then construct the free theory over a pretheory 
by simply taking the free theory over Its completion. We con 
also go In the other direction, constructing the free clone and 
free complete algebra over a theory. These constructions are 
Seen to commute* 

Furthermore, the notions of homomorphism of theory, 
complete algebra, and clone are shown to be related such that 
the following ladder rilagran commutes; 

TI -> T 1 

t t 

C&?-> CA2 

J 4 

Cl 1-> C12 

where the horizontal arrows are bononorohisns of the appropriate 

type, and the vertical arrows are any of the free constructions* 
In fact, given any of the horizontal maps, one may construct the 
other two homomorphisns such that the diagram commutes {no 
matter how the vertical arrows are drawn 1, and all these 
cons truetions themselves commute* 

Thus the clones land pretheoriesJ are seen to he very 
Intimately related to the algebraic theories of Lauvere* 


3* Pretheories and Finite-State Transformat tons. 
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In this section wc apply pretheorfes to the study of 
finite-state transformations on trees* This Investigation was 
motivated by a remark of Thatcher E I9£f3* He noted that every 
finite state t ransfornat t on on trees Induced n bonnmorphism on a 
certain semigroup, He col Jed these semigroups pretheor ins* 
Unfortunate I y, not every hononorph I sr.t on these sen!groups was 
generated by a finite-state transformation, Thatcher 
conjectured that wTth the proper definition of protheory, the 
converse of his observation would hold* He finish the program by 
presenting too pretheorfes such that the C1-norph t sns from one 
to the other correspond In a very natural way <In fact, by an 
elementary lambda conversion) to precisely the finite state 
transformatIons on the appropriate set of trees* 

Let us use the symbol to denote the center-dot 
Substitution operator of thatcher [J9$9)* If £ Is any set, let 
TreesEE; V) denote the set of all trees with nodes In the ranked 
alpphabat V and with additional variables in £ appearing at the 
leaves. Inhere V Ts understood, we will often write Trees!£) for 
this set. We wilt often use the set X of canonical variables 
xl^xL',. .. . We denote Xn the set xi,**,xn* Ue define the set of 
terns over V to be the direct sum of the sets TrecsEXnj V) for 
each n. The significance of this perhaps roundabout definition 
Es that every tern can be uniquely identified as k-ary for sons 
k. This allows us to treat any tern as a function on trees: 

If t Is a n-ary tern, ahd tl,.*,tn are trees, define 
t(tf, »tin) to be the tree 

t: ( lambda Ex T Hti)) 

where this denotes the expected substitution operation. Note 
that the lambda expression Ts only defined for *f in Xn* 

This merely extends the normal notation s(tl,**,tn) for 
s in Vn, Thus individual Letters in V and terns over V nay be 
considered as Functions on trees, We confirm that the set of 
terms is in fact a clone, and Ts the clone generated by V, Lie 
denote this clone V** This Is the first of the two pretheories* 

The second pro theory is somewhat mare Involved* It is 
the clone of the theory which Thatcher calls the theory of 
finite state transfarmatlnns on trees* I wilt not describe it 
fully here, but its n-ary symbols are mops from $ (the state 
set) to Terms!Xn x 5, V), and the function associated with such 
a map t Is 

Lambdaft K *.,tn)(lambda Es)C tEs>:(lambda Ex t,s)E11Cs))))) 
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This is seen to nl^ic the linking action of a 
finite-state transformation* Note also that the carrier of the 
pretheory Ts the set of maps fron 3 to variable-free trees over 
V. We con f i rn that this a tjrcbra Is a pretheory, and we denote 
it V*S, 


We recall that a finite-state tr,“]nsf ormat ion on trees 
{or F5T) is a certain type of function fron Trees k S to Trees* 
Mote also thet a Cl-morphism fron V* to V*S takes o tree and 
yields a nap from 5 to trees. Thus an expression fEtHs) is a 
tree If f is such a morphism. Vie are now In a position to state 
the main theorem of this section: 

Theorem. {i) If f Is an F5T, It induces a Ci-morphlsn 
f* from V* to V'-iS by 

fft(t) “ lambda ( s)Cf{t,s )) 

til) Every Cl-morphlsn f from V* to induces a map f + 

from Trees k $ to Trees by 

fKt,s> * f Ct) (s) 
and f* E$ an fst* 

{ i i i) f 4* = f; « f, 

In the course of the development, we also prove that alt 
FSTs are total, The key to that argument Is that certain 
functions are defined for every argument with which they are 
called. It turns out that the requirement that function 
symbols be unicueiy defined as to arity, which heretofore seemed 
a rather technical point, and the requirement that C1-norphTsms 
map n-ary functions Into n-ary functions are a model of this 
variebEe~blnd1ng argument. Furthermore, it develops that the 
requirement that CL-mrrphTsns preserve the projections Is a 
mirror of Thatcher's 'boundary condition' In his definition of 
F$T * These observat l ons, as well as the actual result, y.lvc us 
a greater Insight Into finite-state transformations. 
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F* V-algebrns and Clones, 

In th i s section we define V-aLgabras and an operation 
(closure) whTch Generaliaos the operation of tab j hr; the 
semigroup of a finite state machine* 

Definition, A ranked alphabet is a pair <V, r>, where V Is 
a set and r is a function from V to the nonnegative Integers, 
Where no confusion results, we refer te the ranked alphabet 
<V,r> by V alone* Ife denote by the set £s c V ; r(s) * nj. 

We will often call this set Vn, 

A ranked alphabet Is nothing more than a collection of 
function symbols (names) with Indicated functionalities Given by 
the function r* Ue interpret such an alphabet by specifying a 
function on an appropriate domain for each fuention nane, The 
resulting structure Is called a V-algebra, or just an algebra. 

Definition. If V is a ranked alphabet, a V-a Ige'bra Ts a 
pair <A, d> where A Is a set and d:V - - > [A* -> AJ such that If 
s t Vn then d (s): ^ ^ > A, ide say A is the carrier of &,* Wo 
sometimes write s^ for d(s) and write <A, V> for <A, d>, 
purpose|y confusing the alphabet V of function symbols and the 
set d T V 3 of functions. We will use capital script letters &, fi > 
C to denote algebras, and roman letters A, C to denote their 
car r3 ers * 

Let us consider very briefly a few examples of algebras, 

Example J* Let G be a group* Let P ■ [,], with r(*) = £, 
(so < P* r> is a ranked alphabet). Let T(,)(g,h) * sh 
(multiplication In G), Then <G, 3 > Is a P-algebro* 

ExanpLe £. Let M be a mnnold of operations on a set A. 
Make M a ranked alphabet by setting r(n) ■ l for each n In h, 

Let dtm> iA -> A be given by dim)(a) * n£a). Then <A, d> Fs a 
M-31gehra * 

Example 3. Let V he a finite ranked alphabet. Let S be 
any set, Let Tro&s(Ej V) denote the set of trees built up from 
V with variables Tn £ as follows; 

El If e i E, then z £ Trees(=) 

11) i f s fi VC, then s * Trees* 

I T E > If $ t Vn, and t?,,*,tn G Trees, then the tree 
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tl ti tn 

Is in Trees* We denote t H E s tree s<11**.*tnJ , 

We have made here a couple of changes from normal 
inathenat tea l notation. First* we will allow ourselves to use 
syntactic variables wTth names longer than a single letter fe b p* 
Trees, tI}. We win use the symbol * w * to denote 
mu 11 1 p 1 [cat Ton, concatenation, or other normally no tat Ion-free 
operations vj'hcre this nay cause confusion, We will occasionally 
write things like Lambdat1M* *. xl* *,)* It Is hoped that this 
usage 1$ at least moderately clear, Secondly, note the order of 
variables In Treesfc; V), This will allow us to drop later 
arguments when they are clear frnn context* e*Ki Trees (2 f V) nay 
be abbreviated TroesCzi}* or just Trees, as. Indeed, St Is in the 
definition* If 2 Is empty we write Trees (V) for Trees <E;V). 

Let i be defined as follows: 

j £$3 « s if s t V0 u l 

I CsKt J,. tn) ■ s£tr,**,tn) if s is n-ary. 

Then <Trees( VI, 3>ls a V-atgebra. It Is called the generic or 
totally free V-algebra, since It can be shown that any y algebra 
Is a homomorphic Image of the generic V algebra, 

Example 2 , the monoid, has an interesting property* Let 
fii,n*d,p,+ ,, be elements of M tie functions A A} Itfe can 
compose these functions to get new functions, le 
lambdaCxlImtn(p(x)3>]* N has the property that* whatever 
composition one creates, there is always a single function in M 
which gives the sane map* This property, closure under 
composition* is extremely important. We generalise it to 
functions of more than one variable as follows: 

Definition, (P, Hall] Let V be a set of operations on some 
domain* and let Vn denote the set of n-ary operators in '- r . Vie 
say V fs a closed set of operations dor clone* for short} Iff 

I) for each n > 0* the function e* ■ lanbdaCx 1, *,, xnMx 1} *t 
Vn and 

?>if e is n-ary* ond are k-ary operations In V* 

then the operation 


lambda( x J, , ,, xk3 (g( f I tx J * * * ,xk), , , ,fn f x7, , *, xl:))) 
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1 $ ] n Vk* We denote this operation sCff,„,fn)« 

Example 4* Lee ^ be a ring. Let P be the set of poly- 
nun! a is with coefficients in tl and variables in 7 - £ x j r „ 

*n,., J, Then < R, P> is a P ■“ a i g □ b r a , (i So t i ce that we have 

the natural interpretation of polynomials as functions on R). 
Fur the more P is a clone., since p£p|,.„,pn ) is just the 
polynomial obtained by substituting pi for x i uniformly in r>. 
Note that R is just P 0 , 
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Definition, Let X -fxl,.*,kn,.*.]* Let Xn = 
[xl,**,xn], Note X(J Is the empty set. 

Note that the dcflniton of the set Trees is very much 
E i ke the definition of the set of terns over a set of function 
Symbols and constants. This duality Is crucial to many of our 
arguments* He therefore def \ ne: 


Definition: Let V be a ranked alphabet* Define the sot 
of n-ary terns over V to be the set TreesCXn; V)* We denote this 
sot Terns tn; V). As usual, we will delete the second argument 
where It is clear fron context, 

Definition., The set of terns over V, denoted TernsCV) is 
defined as the direct sum of the sets Tems{n; V) for every 
non-negative ft. 

Mote that the sets TernsCn) are non-ef i sjoi nt j In fact 
Ternstn) C Ternsfri+IK In the set Terns, however, we can 
uniquely identify any term as to its 'artty* fhy the definition 
of direct sum]. Thus En^our definitions vi'e will say 'let t be a 
term. If t Is k-ary,*., and this will be non-anbigunvs. 


a ranked alphabet by lettine 
To each t In Terns^, we assign 


We can now make TernsCV) 

Terms* be the Enage of Terns(n), 

a function I'lt) a s follows! Given tl,..,tn, i"£t](tJ,** # tnJ Is 
the tree resulting from substituting ti for xi In t, ThTs 
substitution Is to be done simultaneously for all i and for all 
occurrences of each *1. {This Idea will be made somewhat more 
rigorous later* See Thatchern9*9]). 

Example 5* <Trees(V], r*> is a TernsCV)-atgebra. 
Furthermore the set (''[Terns] forms a clone. In fact, the 
desired function gCf I,.*,fn) is obtained by applying I'lg] to 
the terns (trees] f ?, „», f n, The rea dor will verify that aJ this 
operation is well-defined, even though fl,,,,fin are not 
variable-free, and bJ that It gives the desired function. (Hint: 
prove that substitution is associative). The reader will note 
^tso that the h~ary tern xi yields the i-th n^ary projection 
function *r. 
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This example is a key one; ue win refer tr It many times 
In the future, 

Mote that ue can naturally extend every operation In a 
clone V to operate on arguments In V via: 

Let «, Vk, g 4^Vn. Then let glfT,,.,fn} be the 

composition of g with the f's as In the definition of clone. 

This composite is In Vk since V Is a clone. So for each k, 
gitVkJ* -> Vk, So for any k we have an algebra <Vk,V>. 

Definition, An algebra <V0, V>, where V is a clone. Is 
called a pretheory, 

txanple £, <Trees (V J,Terns C V) > Is a pretheory. This 
p/etheory is called the generic pretheory over V, and is denoted 

V . 

Definition. Let /h * <A, d> be a V-algobra, Let V bp the 
smallest clone containing d[VJ, Then^, the closure of [5 
def 3 ned as <A, v >, 

V , as defined above, fs }ust the closure of the algebra 
<Tree5{V), V> (The algebra of Example 

Proposition, For any algebra , 

Proof. Trivial from the definition, 

Dur next goal 3$ to provide an explicit construction of &■. 
This will, hopefully, make the concept of clone quite a bit 
c Lea rer. 


Definition, Let &= <A, d> be a V^algebra, VJe define 
Ptd^, the polynomial algebra over as f n I Lows : Pi&J “ < A, d # > 
will bE a TermsfV Ka tgebra. d' Is defined as follows: 

I ) Ef s. £ V, then d'($> ± dfsj 

m if xi £ Terms., then d'C*!) = e* 

HD Let t e Terns*, Then t * s(tl,„.,tkj for some 
t?,.,tk In Terris n and s In * Then let d'CtJ “ 
lambda!xI,.,,Kn>[dls)£d*ttJ51xl # ,xn1,..,d'itkHxl,.,,xn)J] . 

Note that d"lTerms(V>] consists of all the functions A h 
~~> A obtained by composing functions 1n dL (le by composing 
thefunctEons in dCVJ), Thus going from iL to P(#J Is analogous to 
taking the semigroup of a finlte^atate machine, since the latter 
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operation 3s performed by taking oil the functions Q —> Q 
obtainable by concatenating elements of the Input alphabet V 
(regarding the elements of V cs naps ft ■—> q), 

Theorem d' [Terns J » V 


Proof: Wc need to show that d'(Terms] 3 5 n done, and 
that any done containing V cpnt-alns d'lTsms]. 

To see that d'lTerns] is a clone, let d«- be a right 
Inverse of d (Te d«-(f> Is some tree such that d" (H—{f > J '« f). 
One nay then easily confirm that f(gl,*.,gnJ * 

d U £d*-(f33 (d^£fil >, * * ,d«-(gn}1J- [ r " ] 5 the tree-substltutlon 
function of example 5-)* 


how Let 0 he some clone containing V* We want to show 
that d'lTerns] C C* We do this by induction on the depth of t 
£ Te rms* 


If t t VO, then d'Ct) * C. 

If xn £ Term$ ft , then d'CtJ 3s e*c C 

Otherwise t Es s(tI,*.,tk3* fiy the induction 
hypothesis, d' £ t [ > £. C for each i, Cut then d ^ { c J * 
d(s£tl # *.,tk>) ■ 

lambdaUI, * *,an 3 Id' fs J (d' (t 1) (x ?, *, ,xn 3, *cl't tk> (x I, ** ,xn) 5 ] <* 
d (sHd (tn #llf d (U33 in C, so d # Ct) Is In C* QEr>. 

Thus we have the closure operation, as welt, as 
analogous to taking the semigroup of an automaton,, In the 
remainder of this paper we wilt discuss clones, occasionally 
referring to this characterlaatIon theorem where needed* 

As usual,, we will define a hononorph i sm For clones* 

Definition. Let V, Ml be clones* A Cl-morphIsm (clone 
homorratirphIsn) Is a map F;V --> U such that 

53 F iVn] C Wn 

333 F(e?3 - e" 

HI) F{f( E I,,.,en)) = ( F(f >HR e t ), .. , F( gn) > 

Since any clone unicuely defines a pretheory (and 
yiceversa), we say that a homomorph i sn between pretheories Es 
just a Cl-morphisn on the operators, with the nap on the 
carriers regarded a 5 the restriction of the CL“morphism to VP, 

Proppsitlon. Cl-norphlsns compose* 



pajip 13 


Proof* Trivial 
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2. Theories anti PretheorI ns 

Ir this section we wilE explore the relationship between 
Lawvere's notion of on algebraic theory or algebraic category 
and our notion of Pretheory* in order to make Lawvere's Ideas 
clearer/ we wiU Introduce on Intermediate notion, which wc will 
call a 'complete algebra.' 

Definition* A complete algebra rs a pair 

tb= £A£n,n) ; m,n integers^ 

where A(rr, n) is a set of naps A* —> A* such that 

CAH If f t A£n,n) end g ± A£n,pJ/ then their 
compos 1t Eon, g*f t A(n,p), 

CA£) If Fr[J,*.,n3 —> (T M there exists a 

function f* In A£n,n) such that ) * (x\ rV ,,, x.nJ. Thse 

fneps are cal Led the trivial naps* VT 

CA3I If fi,,,fnt A(n,l>,then there Is a unique £ i 
A(rn Jr n} such that 

g£al/*,,am> “ ( f I Cal t * . ,arO, * * w fn(a i , * * , an)) 

Note that the value of £(aJ,*»,an) Is Indeed an n-tupl* of 
elements of A* Ue write <ff/.* > fn> for this unique r* 

A complete algebra Is not an algebra; it Is the 
generalisation of 'algebra' to functions into tuples of elements 
of A* We now proceed to characterize the complete algebras. 

Lemma* If Qu is a complete aL^ebra, then the direct sum 
of the sets A£n,U forms a clone* 

Proof. If f;£H —> |J/*.,n} : ■ lanbdafx ) [ i 3 r then f «- * 

■ 

f*S?,**,gft) = QFD. 

Definition. If £L Is a complete algebra, we call the 
algebra U {Al.n, 1)}> the base of and denote itd-** 

Definition. An algebra <A, V> is said to be closed iff 
Visa clone. 

Lemma,, Let (X M <A, V> be a closed algebra* Let 

Atm^n} = 

-£Lambda!* I, * * ,xri) £(f Mu I, *., xm) * *,fn{xJ * *. ,xn)) 3 ; f I,**,f n l 
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VmK 

Then <A, [A(n, n3 3> Is a complete alpehra. In fact. It 
Is the smallest complete algebra coiice Inlngd., In the sense that 
if <A, B(m,in)l> Is another conplete algehra such that Vn C 

then A(n,n)C Btn^rnl for alt n,n, 

Proofs lie must verify that the sets A[ri,n> ststsfy 
conditions tAl - CAS 

f J Let f i A(si,n) , and g f, A(n,pl, Then f * 

(fl,*.,fn) for sane set of fl £ Vn, inhere the tuple notation 
indicates taking the combining process of the hypothesis, (Note 
that this decomposition fs UC L l“dcf Ened) , Similarly, g “ 

{gf,«./£ p3 (eE t Vn}, Let a denote an in-tuple (iI M . f an) of 
elements of A, Then 

S*f(ai = )Ca3 t * *fn(a>) 

’•tgHfKa}^ * * * fn(a), ep( f I (a), ,. ,f n(a))), 

But since Visa clone, for each 5 , i x 

lambda(xl, , .,xn} Igl (f Kxf* * # xn), . »,fn(xJ, * ./XnO ) 3 t Vn 
Call this function hi. So jt,f *{'h),.,,hp) £ Afm,p). 

n Let f, *n)- —> 43_n>, Then f- - 

S) This is guaranteed trivial ty by the construction. 

Note also that the ^smallest* condition follows directly 
from condition 3, for If f £ ACrn,n>, then f » <fJ,.*,fn) for 
some set of fl's In Vn (and therefore in EKm,OK So f Is In 
fi(m,n) by CA3* QEC, 

We call th i j algebra <&>, the completion of (L . 

Corollaries. If {L Is closed/ then <(1 >^^j 3L. « If & Is 
complete/ £L , 

Proof. Easy, lie go from closed algebras ta complete 
algebras by taking n-tuples; v.'e go in the other direction hy 
simply restricting ourselves to the T"tuples. 

Having established the Intimate connection between 
closed algebras and complete algebras, we now emceed to the 
second half of our exposition; the connection between complete 
algebras and algebraic theories, For completeness, we begin 
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■with a standard definition. 

definition. A category T consists of 


i) a set Ohj CT> of objects of T 

in for each M, A2 a Ohj{T) a set T(AI,AZ) called the 
5 Et of T-morphlsfis :AI —> A? 

Ilf) For each AI,AZ,A3 € Obj(T) a nap */ 

, :T(AZ,A3) v. TCAI,A£) TfAl,A5l 

satisfying the following anions: 

CM Tf f t TCAf,AZ>, n t TCA?,A3), and h( T{AJ,A4), 
then h*(s*fJ w (h*cKf 


CM For each A e Ohj(T) there exists a T-norphlsn h£ 
TtA^A) such that for any f a TfA,B), f+I^ = f = i^ + f 

Ue often write f:A — > B for f * T(A,E), Note that we 
are using "left notation*: g,f neons roughly *f then ?*, 


The study of categories can be recorded as the study of 
generaUzed composition, Thus if the objects are sots and the 
morphIsms functions between them, then the resulting object 3s a 
category. However, the morph 1 am need not bo sot“theoretc 
functions A ■—> B. In fact, one can choose T(A,£1 to be the set 
of at! functions 5 —> A <1). The reader may verify by 
appropriate synboE-push lag that the resulting object is a 
category. 


dotation. Let In) denote the set ■Ef,..,nK Lote that 
[S3 Is the enpty set, and [13 Is a singleton. We will often 
write I for HI, and 0 for [03. 

Notation, Lot denote the nap 1 InJ whoso graph 

is I(lj)h Do not confuse , the nap 4.(1,131 Tn 7(1, In]), 
with the identity on ![n]. 

Definition, CLawvere If 9 ^ 5 J, ETlenberg and Wright 
ri9i7J) A theory T Is a Category such that 

Til Obj (T> = 4In) ; n = ,3_> 

T2 3 50, the category of Sets Eo] with all the 
set ^ theo retie functions betuEen then as norph 1 srs, 3 s a 
subcetegpry of T Uc atl thE Sfl-morph i sms are T-norpht$ns, and 
the identities and compos i 1 1 on. rules agree). 
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T 3 J Given any set of T-morphisns 
fj,**,fnil —> tpl 

there exists a unique T-morphism g;[nj —> tpj such that 
'n 

I--> tn.3 



commutes for each i 4 h, We write <fJ***,fn> for this unique morphIsm* 

Thus for any f:[n3 — >[p], f ■ <f * t ., t f -n n > A more 
useful form of this statement is that an^ f t Tt En]^ Ip] > Is 
expressible as <fl f ,,,fn> for some unique set of fS In T(J*[pJ3, 

The notion of an algebraic theory Is admittedly an 
obscure one. The primary purpose of this section Is to show how 
this notion can be reduced to the simpler hption of an algebra 
(actually p re theory} * We will now show the relationship between 
theories and complete algebras. To do this* we will first show 
how to Construct a theory given a complete algebra. This 
construction will hopefully shed some light on the source of the 
definition of a theory. 

Definition* Let & be a complete algebra <A* -£ACn,n)». 

Let Th(0L) be the category T constructed as follows: 

13 Obj (T) 3 { tn] 1* 

2) TC[n]*[n]) = A C n * n) (note the reversal*) 

3) Composition In T is the reverse of composition In Q, 
i , e , * If fc T f[n]* [n]J and s fc T f Errl, I nl 3 * then g.f In T is 
just f*g In The reader should confirm that this makes sense, 

lie call Th(iL) the theory of CL (See Ei Iceberg pnd Wright 
[f9fi 7} for an alternative construction) * life must* of course* 
confirm that what we have constructed Ts a theory. While the 
proof Is trivial symboE^pushing* the astute reader wi l [ note_the 
parallel between the axioms of a complete algebra and the axioms 
for a theory * So s 
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Propnsitioh* If (L Is a ■complete al^hr-^ then Th(£) is 
an algebraic theory. 

Proof, I + Is a category* Closure under 

composItion follows directly from the closure of complete 
algebras under compos i t IcmfdAf) , Associativity (Cl) therefore 
follows from the associativity for set-theoretic functions, 
from CAC, we know that the identity on A* Fs In A(n # n) for each 
n (Et Fs the function induced hy the IdentTty of Jm))« 

Therefore it serves as the identity In Tdnl^ln]), 

T ?. Qbj (TJ - -t CnJ>. 

T?. SC Is a subcatogory of T via the Insertion sending 
f i In 3 —> tmJ to f ; A 1 * —> A". Hote that ft Smnl^Ln]), so f«- 
t A((n,n), so f *■ £ T C In 3 „ [ml i , as desired. Note that ( f . g) +■ ° 
f-*?,*-, and (lo ■*- of the Identity on Cn3 > Is I g (the 

Identity on A" ) , Fron these two observations It fs easy to 
confirm chat composition and Identities agree on S0 (or its 
image) and on T, so Sfl is Indeed a subcategory of T„ >lote that 
this fact depends almost entirely on the axiom CA?, which 
guarantees the existence of aLl the trivial maps in pL Thus the 
axiom T2 requiring SO as a subcategnry nay be viewed as simply 
requiring all the trivial maps to be In T. 

T3, Given any set of T-norph3sns I --> tp], we 

went to find the unique T-norphFsm <fl**,,fn>* f?,..,fn are just 
naps in A(p,13, so let g ** <fl,*,,fn> Fn A(p,n) (whose existence 
is guaranteed by CA3)* Ue would like g*L e fi Fn T* £-1* In T 
* U h >**.E lt } 0^ B fij . <f 1 # . .^fn> ■ fl i n A, = f i In T* So the axiom 
T $ may be viewed os requiring the existence of direct products 
(CA3). QCD. 

Definition. If T$ an algebra (rather than a complete 
algebra), then lot Th(fJL) denote Th(<(Z>)* 

Having established that to every algebra there 
corresponds a theory, we naturally ask the next question; Is 
every theory the theory of some complete algebra? Tp answer 
this question we win associate a complete algehra with each 
theery. 


Definition* The free clone over T, CUT), Fs the set of 
maps T(I,[0])* —> Tf I, [fJj) defined as follows: To each 
T-morphisn f“T(I,En3) we associate the map in ClCT)^ given by 

lambdafal,* „,an)I<al, **,an>*f} 

Dote that this definition makes sense, for , if al,**,nn 
sTU,G), then <a ?,„* ,an> £ and f e T{I ( [n]) t so the 
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composition <a),is defined and Ts a member of TCI,D>* 

We Leave It as J 5 Trip le exercise to show that C1 f T ? i $ really a 
c Lone. 


Definition. The free complete olgebra oyer T, denoted 
CAtTJ# is <C1£T3>, the completion of the clone of T lor actually 
the completion of the pretheory <ClCT5 ft , C l fTJ > , 

To get the desired result we w( 11 develop a series of 
technical lemmas, 


Lemma. There 1$ a natural bisection t: f T £ J, Ln] 3 lT - - > 

T< rm3, £n!K 

Proof, i Ts given by (fl,..,fn> <ff,..,fm>. I-f-noss 

and on to-nes s are both trivial. 

Corollary. A theory T ts uniquely determined by the 
morphisms T{I,[n] 3 * 


This Is Analogous to the statement that a complete 
algebra Ts uniquely determined by Its base. 


Theorem, T? ^ T2 Iff CA(TI ) ^ CALT£), 


Proof. —> trivial. i It will suffice to show Ct(TI) 
— C t{T£ 3 —> Us T£. But it is clear that CLfTH = CKT?) -“> 
TI£l,[nJ3 - THI, ln]3, But then, by the last corollary, Tf - 
t£. qf n. 


Definition, A complete algebra Is said to be self 
generated Iff A Is Isomorphic to A £0,13, 

Corollary, A complete algebra is self generated Iff It 
Is the completion of a pre theory. 

Theorem* If /L Ts a pretheory, then 6L' C l £Th£#J 3 

Proof, Let (L a <vtf, v>. Let T denote Tht£.3, Let % 
denote Cl£TK We know that T(I,[nlJ Ts Just Vn, and that "Bn Is 
just T(I,[n]>, So we have a naturaL bljectlon e:Vn --> Bn for 
each n. It remains only to show that the map e fs a 
homomorphism, ie 

o< Ff a ? , , ., an) 3 * e£ f He<a 1),, ,, elan? 3 ■ 

Now e is the EdentEty on the il-ary elements, so we need 
only show that e(f) = f, IIow the 1 nag e of f In T ts just the 
morphism f. The E ma jj e of f in C L £ T 1 is the nap 
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Lambda(a I,, , ,an J E<aT , , »,an> »f3 

Wove Che , In that expression is the composition of 
Th {h) f which Ts defined to be Just the reverse of composition In 
* So <a I, ,, ,an>.f In T Ts f *<a \, + * ,an> in <#>j wh 1 ch Ts just 
f ( slj., an] , So the Tmotfe of f in = C|(T) [5 

lambdafal,„ . ,an}[f Cal, * w nn) 3 u f, as desired, QED* 

Corollary* If fa Ts a self concreted complete algebra, 
th.cn ti* CACThUU). 

Corollary* If T Ts e theory, then T as Th(CtfT))* 

Proof, Let (L be ClCT) in the theorem. Then CICTJ- 
G1f Th f C l (T))), But by the first theo ren in this section, this 

implies that T e£ Th(CICT)) . QELD* 

what we hove shown so for is that there Is a natural 
correspondenco 


theory 

1 

complete algebra 

I 

pre theo ry 


such that all of the arrows cornutc. In foot, we con assert 
something strnger* If we define a homomorphism of theorTes fas 
we wTil very short Ey)., we will get the following ladder d ice ran 
to be cormutatIve; 


Tf---> T£ 

1 1 

CAT -- > CA? 

t t 

Cl 1 ™-«—— O CIS 


where the vertical arrows are any of the correspondences of the 
previous dlofiran^ ad the horiEontal arrows are the appropriate 
bononorphIsms. In fact, specifying any one of the horleontal 
arrows will Induce naturally the other two horizontal a r rows. 
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f u r the more?, r Ml of the 1 nduct I ons commute, e.g, 1 f r i 
C L-morph 1 sn f Induces a Th-norhpl sn ff-, then the Dl-norphi&n 
Induced by f*witl he; precisely f* 

Our first tasi; Is to define hononorph i sns for theories. 

Definition. A Th-norphisn (thenry hpnonornh(sn) TJ 
T2 is c functor preserving Stf, ie a nap F on the rnnrphl sms of Tl 
such that 

TMI) F:TMIn] # [nJ) — > TZCtnJ,tnJ> 

TM2) if f 4 T(Ini, tnj) and e f Ti[[p],[n]) then 
Mf.g) = 

TM3J tf f k 5P f then Ff M . 

One should not confuse a Th-morph! sn, which Is a nap 
between two theories, with a T^norphisn tor, say, 
ThtcU-norphTsr.i), which is a nap Inside a particular theory. We 
will avoid naming any theory Th, so this notation wilt he 
unambiguous* 

Definition. A CA-norphlsm (Complete algebra 
homomorphl sn) fron to f> is a nap F whose domain is AM 
LHA (m, n )}- such that 

n F t A) c, E 

55 F tA Cm,n) —> fi(n,n) 

3) F{f, c j - Ff, Fg 

4) If f is a trivial nap, Ff ■ f. 

Both Th~ and CA- norphlsns may be viewed as. 
homomorphisms (conditions 3 And TM?) which preserve the 
dimensionalities of the if dcn-alng and ranges (tondi tl one £ and 
TMI), and which preserve the trivial mep s (eijndltions 4 end 
TM3), Similarly, one can view Cl-norphlsns in the sane light, 
The ladder theorem, then, should not bo greatly surprising. 

We wilt also need the technical result that Th“ and CA- 
nwrpfrlsns preserve thoir direct product operations as wail* 

Proposition, Let F be a Th-morphIsn, fl,,,,fn £ T(3, [k])* 
Then Ft <fJ. fn>) * <FfI,..,Ffn> 
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Proof. M<fl,* *,fn>3.1 ^ F( <f I , . . * fn>). F f T) = 

F<<ff,,T3 ■ Ffi, for each i. Cy the unicueness condition 
of the definition of <!***>, this is sufficient to show that 
Ft<f1,**,fn>) - <FfI,**,Ffn>. 

The proof for CA-norphlsns is similar* 

Theorem, i) Lot ho corrptete algebras, Ft &■-->£ be a 

CA-morph ism. Then the restriction of F to the sets A{n,I), 
denoted Ml£FJ, ts a CL-norphlsn on the clones^ --> 
satisfying the ladder condition; of the previous discussion. 

i!3 Lot be clones, Ff£jL">1?j q C1 -morph i sn. Then 

F induces ti CA-norph i sn M2£F):<H> —satisfying the (adder 
condition. 

ill) hi (MS (f 3 > = f; = F 

Proof* i. Trivial* 

11) h % is given by; M£ ( F ) on A is just F* Let f£ 

A(n,nJ be < f I , , t# fn> » Then let M"(F)(f) ** <Fft,. T# Ffn>, iJe need 
to confirm that h£(F) 15 a CA-norphisn* Conditions 1 and 2 hold 
trivially. To verify condition $* let M£ C F > he denoted by G, 

Let f = <fI,*g = <e!,*,. Then 

Gtf.fi> - G£<fI* E , . . y fn,(r» * <F£f f *£)_F<fn.fi> > 

" <Fl fItgi,*■ , gm) 3 * * * , Ff fnlgT, , , ,itnJ 1 > 

- <Fff I)CF( S I^. *,F(gri3 3, .*,FCfnHFUf 3, *,,F(wnm 

« <F£f 1 ).<F{ ef), *.,FC £ mJ>, . *,F(fn>,<F(pI>, * .,Ftfin)>> 

- <F(f IJ ,G(g)_FCfn) . <T C jt 3 > 

- <F(f n„ . ,,Ftfn)>.G(*) 

= G{f)*G<g) 

To verify that the trivial naps are preserved, note that the 
trivial maps are the direct pro-ducts of the projections, which 
are preserved by F. Note that the ladder condition follows 
IrtTiedi ate ly from the natural trclusion of In <&>. 

ill) Obvious, since ht on Atn,J) is the Identity. 

Theorem. Let TI, T* be theories, FtTJ —> 12 a 
Th-morphl sn. Then F Induces a C t-nore-h 1 sm ft3 <F) sGlCTI> —> 
CUT?}, such that the following diagram cornutos 1 


pape 2 3 


TT 


C 1 (TT J 


■> T? 


■> C t < T 2 3 


M3( FJ 

vihere the vertical arrows ore the natural Insertions of the 
construction of C L t T >, 

Proof* Let s £ Cl(TT) rt * Then & is the tnage of a unique 
norphEsm- (also denoted s> In TKMn]), Let MJ(FHs) be the 
image of F< s) in C|(TJ) , e CUT2J*. M3(F)ts(sI # **,sn}> 

- F«sl, ( ,,sn).s5 = PC<5 U . , , sn> ) . F(sJ - < F (s D , , . f F (so) >, F(s) = 
M3CF3 ( sJ (US (FJ (si J, * *,H3(F ) (sn) 3 , so the homomorphism condition 
holds. The projections are in Sfl, so they are preserved* 5o 
M3CF) is a CL-morphism, Again, the diagran condition U 
trivial, since the vertical arrows are Insertions, and K3 is the 
identity on the Inserted Image, 

Theorem* Let tL &■ be complete algebras, Fr^ 3 

CA-morph Esrt* Thao F Induces a Th-inorph Isn W4 tF> rTh(*U—>ThCg), 
such that the diagram condition holds. 

Proof, We need only specify NtfCF) on the morph isms of 
Thtfu, Denote t\4i F) by G and ThCtf,} by T. Let f£ T([n],In]). 
ihen f Is the Image of some map (also denoted fJ in Let 

Gtf) be the Image of the map F(f) in R(ri,nJ, Again the diagram 
condition holds obviously* We must confirm that 0 a is 
Th-morphism, The dimensionality copdlton, TMI, holds trivially 
from the corresponding dl mens Iona t e ty condition { f-2 J for 
CA-morphisns* SU is preserved, since £0 is the image of the 
trivial maps in lL which arc preserved by the CA-morphlsn* We 
need only confirm that the homomorphism condition (TM3J holds, 

GCf,g) * FCg«f) - FtgKRf) = G(fKGCg) 


QED, 

We have now established the following transformations 
between the various kinds of homomorphlsns: 






pare Z4 



Th^norphians 

f 

H4 


CA-nn rphI$Ms 

f 

ns 


C |-norph: 
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Mo have shown that Ml and M2 ennnute^ so 
to complete our prgran, we need only one more result, which we will 
Leave as an exercise to the reader. 

Proposition* M4,N£*H3 « the Identity; M3,M4*K2 = Identity, 

Proof* Trivial from the Insertions* 
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3. Pretheor f es and: Finite State transformations 

In this section we will apply pretheorTes to tFie study of 
finite state transfornntions on trees. This investigation ^as 
motivated by a renark of Thatcher H9$9]* Me remarked that the 
finite state transformations on trees Induced a homomorphism on 
a certain semigroup of substitutions, which he called n 
pretheory. He left open the question of an abstract defFnltlon 
of a pretheory, and conjectured that with the proper definition 
of pre theory every hononorphisn of pretheories would yield a 
finite state transformation. 

Definition, Let E be some (Infinite] set of variable 
symbols, Then we call any function *1 :2 --> Trees (2, V) a 
substitution. 

Definition, Vie define the substitution operator : as 
follows. Let t £ T roes (£, V),'d be a substitution* Then 1Is 
defined by Induction nn the construction of 1i 

T> If f 4 £, then t ■ ^Ct) 

III Tf t ■ 5(tJ,.*,tn>, then t:ni * sltli^njtnuj), where 
s c Vn, n > fl. 1 ! 


This definition is due to Thatcher, who also originated 
the following definition and proposition. 

Definition, We can extend : to substitutions in the 
first argument as follows! ifo|,^ are substitutions, then Let 

^ = lambda(z ) (^Ci) : 

The reader will confirm that this definition makes sense. 
Proposition (Thatcher] 

Proof, See Thatcher I9A0, 

Corollary. The set (Troes (2 3) of substitutions On a set 
E forms a monoid with the operation 

dotation. Tor any s £ Vn, let s' denote the tree 
5 f * I. ,xnJ £ TreesfXn, V) , 

^ Proposition, Any tree ip Trees(X, V] Is decomposable as 

S where s rs uniquely dote mined and'vj 1& ,1 substitution on 
X we El defined on Xn. 
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Proof. This is just the ttefinilTon of TreesfXl In 
slightly different notation. Let t he s(tl,,,,tn!) and lett^ 
any subst r tutlon napping xl to tl for xi in Xn.. Then t = s rtf. 

Definition, Lot S bo a finite set. Let fGsV k S --> 
TreesOxS, V) £uch that fflCV*] ^TrecsfXn x 5-). Ue can extend f(J 
to f:Trees(X) x £ — > Trees(X x £) by 

n tf*i,s) = <x i j $> ( € X x S dTrees(XK$, V3) 

i j ) f (a':*|, s ) » f 0 Ca, s ): lambda Cx, 5 > [f t x )> $)] 

b'e can regard the substitution In Hi) 35 the extension of f to 
substitut Eon£ : 

f{<f ) = lambda(x, s) Ef f'lj (x)>s)l 
Then 5 } = f Q Ca, a): f (+j J, 

Any function frlreestXJxS —> Trees(XxS) defined In this 
way is called a finite-state transformation. The rationale 
behind this definition Fs gFven in much nore detail in Thatcher 
119691* The reader nay also verify that this definition T£ 
equivalent to the more intuitive f oriolet Ion of Rounds [T?6-fl3, 

One may regard the function ffl as specifying the set of 
productions, and the recursion schema as specifying the action 
of a gsm, A number of facts are easily proved about FSTs* 

Proposition CTJ f Is total and welL defined, 
it) f CT rees{V) x £] c Trees(V) 
ill) f (t »j r s) = tft,s>:ffep 

Proof, {]) and < 31> are proved vie recursion Induction, 
The key point that wants verifcatlon 3$ the following: In 
evaluating f on a tree, we muse evaluate fC'Jf), for some which 
is well defined ony on some initial segment Xn of X, Vie must 
confirm that f ) Is called only for arguments for with it is 
defined, Similarly, we can show that Tf t Is In TreesCV), then 
the boundary condition (i} Of the doflntFon is never Used CU 
The proof is elementary and vritl not he reproduced here, 

(Mi) Is proved by Thatcher U^9l, q,v* 


Proposition, = f{^):f(^) 

Proof, Trivial fron ilT, 

This was Thatcher's key observation: That FSTs induced 
hononorph I sns on the semigroups of transformations On 
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particular, in this case, the FST f Induces a homomorphism 
(Trees(XJr --> (Trees < X x. S ? T He therefore cat left these 
monoids pretheories, Unfortunately, the converse u^s not true, 
and Thatcher offered the npnn problem of defining an algebraic 
structure In 'which the converse held, Ue w l I 1 define two 
Pre theories, such that a nap Is an FST if and only Ef It is a 
C (-morph I snt between the tvno pretheories, 

if one considers irhy the converse of the I os t 
proposition does not held, one Is Led back to the detail of the 
proof that f is well-defined: It develops that one has to worry 
about the transformation being called with arguments for which 
It is not well-defined* Dne nay offer necessary and sufficient 
conditions on a hononorphlsn for it to he the homomorphism of an 
FST* Roughly stated, the condition is that the homomorphism he 
hounded, In the sense that its value at * depend only on the 
value of the argument at n. This boundedness Fs again roughly 
reflected in the algebraic theory which Thatcher mentions ns the 
theory of fSTs- It develops that any Th-ncrphtsn Into that 
theory Is an FST fin a natural sense) * The * boundedness - " 
condition, thus stated Is raerely a reflection of the conditions 
for a Th-norphlsni that if F T([n],[n]), then Ffe 
F(T)£[n],[m3), and that Stf [5 preserved* Tbo pretheory we 
will offer is just the clone of the theory of Thatcher. This 
description is not meant to be clear, but merely suggestive of 
the considerations that guided this research, i. : c will now 
present Our finished product Tr a 'standard* mathenaticaI 
presentation, 3e the Framew ork of this development will be 
{unfortunate ly) vie L L-hi dden , 

flotation. Lot V* denote V , tbe free clone over V 
defined in Section I, Ue recall that this Is 

<Tree£(V)/Tcrns(V)>, with the 1nterpretation that If t t Terras^, 
and tl,*tn are trees, then t(t?,+*,tn) = t:lambda(xE) [ti]* 

(The reader may confirm that this Is equivalent to the previous 
definition, with an appropriate reading of our somewhat info mat 
lambda-no-tat ton) * iiote also that the substitution In questinn Is 
well defined only on Xn, as desired. 

Flotation* Let HapsCSjA) denote the set of all functions 
fiS —> A* 

Notation, Let the n-ary terns In XxS be the set 
Trees(Xn * S? V), Let the terns over XxS be the direct sum of 
the sets of n-ary toms over XxS, Denote this set by Terns 
(XxS), Make Terns(XxS) □ ranked alphabet In the usual way by 
setting TermsfX kS equal to the n-ary terms. 

Definition. If A Is a ranked alphabet, nuke Maps(S;A) n 
ranked alphabet by setting r(f) = no* [r{f(s))j s t S] (This 


w][l always be finite since S Is finite}. 

Definition, let V be a ranked alphabet, 5 0 finite set. 
Then let V^S -denote the elgebra 

<Maps{E;Trees(V)) f HapstS;Terms(XxS; V3)> 

v^here , ,tn) = larsbda( s) £tts) : Lamhdatxi , s) [ H 3 Cs>31 . We 

denote this operation t*£ti,.,,tn3 to distinguish It from the 
very-slni Lar-looking, but q. u 11 e different, operation In V-*, 

Let us try to explain this. The carrier of our algebra 
consists of naps from E into Trees, So an element of the 
carrier can be envisioned as an ^5-tuple* ftl,of 
var table-free trees over V, The operation symbols are S^tuples 
of trees which may have variables In X x S at their leaves. 

What are the operations of V*£"? Let tl**.*tn be elements of V*£ 
(that Es, elements of the carrier, or maps from S to Trees), and 
let t be a n-ary operation symbol In Vvi£, Then we have to apply 
t to ti,.,,tn and get another nap from $ to Trees* fnvlsion t 
as an S^tupLe (fl,,,,fs3 [remembering that these fl are trees 
with some variables In their Leaves). Our operation yields an 
S-tupSe (fin,,.,,.fs:'tf) for an appropriate substitution^, The 
we have chosen says? if you are at a variable <xi,s> on fj, 
take argument ti £an S-tuple of nice, pure, variable-free 
trees 3, take its S-th element (one nice, pure, variable-free 
tree), and attach it to thEs Loaf, thus turning fj Into a 
N,P,V-F tree* end turning t Into a nap from 5 Tnto NPV-F Trees* 
as de s 3 red, 

This nay took like so much legerdemain: after an 
appropriate flash of the notational magic wand, we have pulled 
an Imaginary rabbit out of an imaginary hat. The remainder of 
this paper, however, will be devoted to demonstrating that real 
rabbits actually live in top hats or, more precisely, that V*$ 

Is a natural thing to study if one is intereseted in FST& on 
t rees * 


Proposition* V*S- Is a pretheory. 

Proof. The projection function e x ft Is provided by the 
n-ary term lombda(s)[<xi,s>3, for 

lambda( 5 ) E<xl ,s>]*C ti* *., tn> = 

■ lambdats) [LanhdaTs) t<xE*s>]< 5 ): lambda(x1,s) 

Itl(s>33 


Lambda(s) L<x I *s># Lambda( xl ,s) ItHsJTl 
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= I anbrin {s H lambda (xl,s)It H s)1ExT,S)] 

■ lambda ( s> CtIt&3] 

• ti 

Td get closure, let t 4 Ms PS (S; Terns(XxS) 
hlap&ESj Terms', 4 Maps IS; Trees). 

We want be Heps £; Termsjk such that 

h*t uf, h, . ,uk) «J t*(t 7#(u 1, ,, ,Lik)., *. ,tn*(u J f .. ,utO ) 

Let u denote the k-tuple u),..uk, Let h ■ t« , { tf , .tn). (Note 
tbet while ^ was not formally defined on non varI ah 1e-free 
trees, there is nothing Tn the definition to prevent us from so 
using it. So v^e will], 

f twl ti, .. , tn) )*u ■ ( lambda(s)[tEs)ifclambda(xt, s) 11T is)]] Hu 

^ lambda ts3 tLt(s):Iambda Cxt,s) ItiCs>]]:lambda Exj,s) 

[uj{s)lJ 

" lambda Cs3 It Is):[lambda (xl,s) [tlEs)):lambda lxj y $> 

[uj{£)]] 

= lambda (s) [tla):lambda CxE,s) [t!(s)xlambda Cxj^sJ 
Euj Ci)] JJ 

= lambda (s) £tIs):lambda Cx i, s3 [C t hv{u] ) Es] ] ] 

* t*(t Hu,„.,tn^u) 

So V*5 Is closed. Note Trees d. Terns CXaS), so the 
carrier Is just the P-ery operators. QED. 

Theorem, Every F5T f Induces a Cl-morphlsn 

f*iV* --> V*S 

by f*(t) = lambda (s) EfCt # s)K 

Proof. He need only confirm that this Is a Cl-morphism. 

1) f*<e*> = lambda (s) lffxE, 5 )] = lambda Cs) E<xi,s>], 
which [s, as seen previously, tha projection operator In V*S. 


31) . .,tn3 ) 
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= Lambda ( 5 ) [f(t:lanhdfl C*l> [tl)_ s > J 

” Lambda IsJ [f(t,s 3:f(lambda {xi3 1 113 > 1 

11 lambda IsJ EfCt,s):lambda fxl,s) [f(lanhda 

cxi> [tn**n,5)n 


* lambda Is) EfCt,s):lambda Cxi,*) [flt.1,55 3 3 
- lambda ts) Ef*£ tKs) : lambda fxl,s)- 

Ef*ftE)Cs)]] 


n * e * t> * 

Although the 'linking median I sm* in V*S Is admittedly 
obscure, this theorem shows how It 1s naturally related to the 
linking mechanisnu of the FST, 

Theorem. Every C L-morph I sm f ; V* —> V*£ induces an FST 
fwith state set £) via 

ft * lambda Ct,s> EFttJ(s)} 

proofs TJote that for t£ Trees, f(t) £ Maps<$iTrees) , 
so f£tJ(s>e Trees, as desired* Our proof will be by recursion 
Induction, We will show that ft satsfles the recursion scheme 
In the definition of F$T * Since we know that scheme Is total, 
we conclude the f* Is precisely given by It* 

f+£xi,s) * f(xi)fs) = e r Es3 ■= lambda (s> E<xi,s>]Es} = 

<xl,s> 

fHa( tl, * . s) * f (a(t I, . ,tn))(sJ 
- £f(a>*(fCtl3,*.,fEtn3J3(si 
» £f(a)(s)):lambda txf,s) If(ti)ts>l 
= f4 fa,s>:Lambda (xl,s> [f4(tI, 5 ?3 
QED. 

Proposl11 on. * f; ft* * f. 

Proof, Trivial. 

This completes the proof of our desired result* That 
the FSTs correspond, in a natural way, to the Ci-morphs,Emg 


bare SI 


between the feiven prntheories. 
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